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One of the fundamental features of quantum mechanics is the superposition principle, a manifestation of
which is embodied in quantum coherence. Coherence of a quantum state is invariably defined with respect to
a preferred set of pointer states, and there exist quantum coherence measures with respect to deterministically
as well as probabilistically distinguishable sets of quantum state vectors. Here we study the resource theory of
quantum coherence with respect to an arbitrary set of quantum state vectors, that may not even be probabilis-
tically distinguishable. Geometrically, a probabilistically indistinguishable set of quantum state vectors forms
a linearly dependent set. We find the free states of the resource theory, and analyze the corresponding free
operations, obtaining a necessary condition for an arbitrary quantum operation to be free. We identify a class
of measures of the quantum coherence, and in particular establish a monotonicity property of the measures. We
find a connection of an arbitrary set of quantum state vectors with positive operator valued measurements with
respect to the resource theory being considered, which paves the way for an alternate definition of the free states.
We notice that the resource theory of magic can be looked upon as a resource theory of quantum coherence with
respect to a set of quantum state vectors that are probabilistically indistinguishable. We subsequently examine
the wave-particle duality in a double-slit set-up in which superposition of probabilistically indistinguishable
quantum state vectors is possible. Specifically, we report a complementary relation between quantum coherence
and path distinguishability in such a set-up.
I. INTRODUCTION
A quantum state possesses certain properties which are ab-
sent in the states of a classical system. These properties are
the key elements acting as “resource” in various quantum in-
formation, computational, and communication protocols, like
quantum teleportation [1], quantum dense coding [2], and
quantum key distribution [3]. It is therefore important to ex-
perimentally preserve and theoretically study such resources
for their efficient use in quantum technologies. In the last few
decades, the study of quantum entanglement [4–6] as a re-
source has seen a significant amount of development. Just like
entanglement, the concept of quantum coherence was known
from the early days of quantum theory. However, a system-
atic study of the resource theory of quantum coherence has
gained attention only in the last few years, and the field has
since experienced considerable progress [7–9]. Coherence of
a quantum state is the manifestation of the superposition prin-
ciple of quantum mechanics, which says that a quantum sys-
tem can simultaneously exist in more than one state. It allows
one to understand phenomena like the interference pattern in
an interferometer. In quantum computational tasks, it is es-
sential to preserve coherence, as decoherence can lead to loss
of quantum properties of the system, consequent to which the
advantage of the machine over its classical counterpart may
get significantly affected.
Quantum coherence is invariably defined with respect to
a fixed preferred basis of the system. A resource theoretic
description of quantum coherence, viz. the coherence-free
states, free operations, and valid measures of coherence, is
typically formulated by using an orthogonal basis as the pre-
ferred one. Following the initial works on quantification of
quantum coherence as a resource [7–9], a large number of
works contributed to this field, which addressed topics like
a systematic examination of the classes of free operations,
the convertibility between an arbitrary state and the state con-
taining maximal coherence, and the valid measures of coher-
ence. See [10] and references therein. It has been possible
to relate quantum coherence with other quantum resources,
e.g. non-Markovianity [11–16], non-locality [17–19], entan-
glement [20–28], and quantum discord [29–31]. Coherence
have been proven to be beneficial for cooling in quantum re-
frigerators [32] and extracting work using quantum thermal
machines [33, 34].
In an double-slit set-up, the states representing the beams
coming out of different slits are mutually distinguishable, and
are hence represented in the quantum description of the set-
up by orthogonal pure states. Such distinguishable “pointers”
appear in other experimental adaptations of the same theoret-
ical description, as in interferometric set-ups, leading to the
usual choice of orthogonal bases for describing quantum co-
herence. Hence the coherence of the state after superposition,
can be described in orthogonal basis. A Hilbert space that
describes a quantum system can however be equivalently de-
scribed by linearly independent non-orthogonal states. We re-
member that a set of mutually orthogonal states is of course
linearly independent. The resource theory of quantum coher-
ence in superpositions over such linearly independent sets of
states has been explored recently in [35, 36], with a double-slit
set-up where such a superposition can naturally appear being
provided in [36]. There also exist a different formalism of co-
herence, based on measurements [7, 37–39]. The motivation
of these comes from the fact that an orthogonal set of states
constituting a basis, used to define the coherence, can be seen
as the outcomes of a rank-1 projective measurement. In [7], a
framework is given which can be seen as defining coherence
based on higher-rank projective measurements, such that the
corresponding relevant block-diagonal states form the set of
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2free states. A generalized theory of coherence with respect to
generalized measurements, i.e., positive operator valued mea-
surements (POVMs), has been proposed in [37]. Further av-
enues of defining quantum coherence include Refs. [40].
It may be noted here that while a set of quantum states can
be distinguished deterministically if and only if they are mu-
tually orthogonal, such a set can be probabilistically distin-
guished unambiguously if and only if they are linearly inde-
pendent [41]. A Hilbert space describing a quantum system
can also be spanned by a set of linearly dependent states. We
call such a set of states as a linearly dependent basis. It is clear
that the set is overcomplete as a span of the corresponding
Hilbert space. Physically interesting sets of states that form a
linearly dependent basis include the overcomplete set of co-
herent states of a mode of an electromagnetic field [42]. An-
other scenario where such a situation appears naturally is in
the resource theory of stabilizer-based quantum computation
[43] (see also [44, 45]). It is therefore natural to ask: Can
we formulate a resource theory of superposition over a lin-
early dependent basis? And can it be seen as a superposition
over probabilistically indistinguishable pointers in a double-
slit set-up?
We aim at obtaining two results in this paper. Firstly, sim-
ilar to every resource theory, we first define the free states
and the free operations for the resource theory of quantum
coherence with respect to a general, possibly linearly depen-
dent, basis. We also show that the resource theory of magic
[43] can be seen as a resource theory of quantum coherence
with respect to a linearly dependent basis. We subsequently
provide a necessary condition to characterize free operations
with respect to a qubit basis containing three arbitrary pure
states. We then go on to define quantum coherence measures
in the scenario of a general basis. Similar to coherence mea-
sures for orthogonal and linearly independent bases, any con-
tractive distance measure between states suffices to provide
a suitable measure of coherence in this case also. We also
develop a connection of an arbitrary set of, possibly linearly
dependent, states with generalized measurements (POVMs),
which helps in developing a relation between incoherent states
in the resource theory of quantum coherence with respect to
a general basis and generalized measurements. We also ar-
gue that the resource theory considered here is different from
the POVM-based resource theory of quantum coherence de-
veloped in Ref. [37].
Secondly, we show that it is possible to have multi-slit
set-ups where a superposition over linearly dependent states
can appear naturally. We study a wave-particle duality rela-
tion for a quantum system passing through such a double-slit
apparatus. The corresponding duality relations for superpo-
sitions over orthogonal and linearly independent bases have
been studied earlier in Refs. [36, 46–50]. In a double-slit
set-up, the wave nature of the quantum system is quantified
by the quantum coherence of the corresponding state, mea-
sured in the basis that is preferred by the apparatus consid-
ered. Whereas, the particle nature can be tracked down by
employing a detector in each of these paths, and is quantified
using the probability of successfully discriminating the possi-
bly non-orthogonal - but linearly independent - detector states
by unambiguous quantum state discrimination (UQSD) [51].
We introduce double-slit set-up where it is possible to super-
pose three fixed linearly dependent qubit states. We show,
through numerical studies, that similar to the cases of super-
positions over orthogonal and non-orthogonal but linearly in-
dependent bases, we again have a complementarity relation
between quantum coherence and path distinguishability of the
quantum system.
The rest of the paper is organized as follows. In Sec. II, the
free states and free operations with respect to a general, pos-
sibly linearly dependent, basis are defined. The connection
to magic is formally mentioned here. In Sec. III, a neces-
sary condition on the structure of free operations for the basis
formed by any three pure states of a qubit is provided. In Sec.
IV, we propose measures of quantum coherence in the case of
a general basis. In Sec. V, a connection is established between
the states of a general basis with the outcomes of a POVM,
from the perspective of the resource theory under construc-
tion here. In Sec. VI, we study the wave-particle duality in a
set-up where superposition of three linearly dependent qubit
states is possible. Finally, we conclude in Sec.VII.
II. FREE STATES AND FREE OPERATIONS: LINK TO
MAGIC
One of the fundamental features of quantum mechanics is
the superposition principle, i.e., a given pure quantum state
can be expressed as a linear superposition of other pure quan-
tum states. For example, the state of the photon after passing
through the slits in an Young’s double-slit experimental set-
up is a superposition of states of the photon passing through
either of the slits. These states, representing different paths,
form a natural basis for this set-up. Generally considered to
be mutually orthogonal, these states can also be mutually non-
orthogonal and linearly independent in realistic leaky set-ups
[36]. Quantum coherence with respect to mutually orthogonal
bases as also the more general case of linearly independent
bases, have already been studied in detail [7–9, 35, 36]. In
the most general scenario, a “basis” may have elements which
form a linearly dependent set and span the space. Such a ba-
sis of a Hilbert space of dimension d can be represented as
B = {|ψ1〉, |ψ2〉, . . . , |ψn〉}, where |ψi〉 ∈ Cd for i = 1, 2, . . . , n
and n > d. Clearly, elements of the set B form a linearly
independent set only if n equals d. Otherwise, they form a
“linearly dependent basis”. We always require B to form a
spanning set of Cd.
A note about terminology is in order here. While a “basis”
of a (linear) space is typically defined in a mathematics course
(see e.g. [52]) as a linearly independent set that spans the
space, there is some tradition of tweaking this definition. A
classic example is the “overcomplete basis” of coherent states
of a mode of an electromagnetic field [42]. A more recent ex-
ample is the concept of “unextendible product bases” in quan-
tum information theory [53].
Free states: A quantum state ρ is incoherent or free with re-
spect to basis B if it can be expressed as a classical (i.e., prob-
abilistic) mixture of the projectors of the basis elements, i.e.,
3ρ =
n∑
i=1
pi|ψi〉〈ψi|, (1)
where {pi} forms a probability distribution. Let the set of free
states with respect to basisB be denoted as FB. The states that
cannot be expressed as in Eq. (1) are said to be resourceful or
coherent with respect to the basis B.
Magic is quantum coherence with respect to a linearly de-
pendent basis: Notice that in this formulation, the resource
theory of stabilizer quantum computation [43] can be seen
as a resource theory of quantum coherence for a linearly de-
pendent basis. For the case of single qubit stabilizer quan-
tum computation, the free states or the stabilizer states are the
states inside the octahedron, with the eigenstates of the three
Pauli operators as its vertices on the Bloch sphere. And any
state outside this octahedron is considered as resourceful and
termed as “magic” states. This can be seen as a resource the-
ory of quantum coherence with the linearly dependent basis
being the three pairs of eigenstates of the Pauli matrices.
Free operations: Any valid physical operation, mapping each
state from the set of free states to another free state is de-
fined as a free operation, or incoherent operation. In quantum
mechanics, any physical operation can be implemented by a
completely positive and trace preserving (CPTP) map. There-
fore, a CPTP map, Φ : B+(Cd) → B+(Cd), is said to be free
or incoherent if Φ(ρ f ) ∈ FB,∀ρ f ∈ FB, where B+(Cd) is the
space of all hermitian operators on Cd that have a nonnegative
spectrum. Any CPTP map Φ, can be represented by a set of
Kraus operators, Ki, that is
Φ(ρ) =
∑
i
KiρK
†
i , (2)
with
∑
i K
†
i Ki = Id, where Id denotes the identity operator on
Cd, and ρ ∈ B+(Cd) and has unit trace. Note that the map
Φ is not guaranteed to return a free state if the post-selection
of a particular Kraus operator or a particular set therefrom is
permitted. The set of all CPTP operations satisfying Eq. (2)
form a maximal set of incoherent operations and are denoted
asMIO.
Consider now the incoherent operations which remain in-
coherent under any post-selection. In this case, we demand
that
Kiρ f K
†
i
tr{Kiρ f K†i }
∈ FB, (3)
for all i and for all ρ f ∈ FB. The set of operations satisfying
Eq. (3) are denoted as IO. Clearly, IO forms a subset of
MIO.
III. STRUCTURE OF INCOHERENT OPERATIONS
An important task in any resource theory is to characterize
the structure of free operations. The most well-known exam-
ple is probably the set of local quantum operations and classi-
cal communication (LOCC), which are free operations in the
resource theory of entanglement: While the operational mean-
ing is known, a mathematically precise form is lacking for the
set. For the resource theory of quantum coherence with re-
spect to mutually orthogonal or linearly independent bases,
a successful characterization of some of the incoherent oper-
ations has been possible [7–9, 35, 36]. While the complete
characterization of the set of free operations in a resource is
often difficult, it is often useful to consider supersets of the
required set. An example is the set of separable superopera-
tors [54], which forms a superset of LOCC [55]. In Theorem
1 below, we similarly identify a superset of the set of free op-
erations in the resource theory of quantum coherence with an
arbitrary linearly dependent qubit basis of cardinality = 3.
Towards this end, we consider B3 = {|ψ1〉, |ψ2〉, |ψ3〉}
as an arbitrary linearly dependent qubit basis. Since any
three (distinct) pure qubit states always lie on some circle
(though not necessarily a great circle) on the surface of the
Bloch sphere, without loss of generality, we can write |ψ1〉 =
cos θ2 |0〉 + eiφ1 sin θ2 |1〉, |ψ2〉 = cos θ2 |0〉 + eiφ2 sin θ2 |1〉, and
|ψ3〉 = cos θ2 |0〉 + eiφ3 sin θ2 |1〉 , where |0〉 and |1〉 are orthogo-
nal to each other. Note that no two of the φ1, φ2, φ3 are equal,
and without loss of generality, φ1 can be put equal to zero.
Also, θ = 0 and θ = pi are not allowed. Let K be one of the
Kraus operators constituting the corresponding set of incoher-
ent operations IO for the basis B3. Since these incoherent
operations map states from B+(C2) to B+(C2), K can be ex-
panded as
∑1
m,n=0 Kmn|m〉〈n|. The following theorem gives a
necessary condition that each Kraus operator constituting any
incoherent operation belonging to IO for the basis B3 must
satisfy.
Theorem 1. A necessary condition that a Kraus operator K
is a member of the set of Kraus operators of an incoherent
operation, belonging to IO, with respect to the qubit basis
{|ψ1〉, |ψ2〉, |ψ3〉} of cardinality = 3, is given by
|K11|2 − |K22|2 + |K12|2 1
κ
− |K21|2κ, (4)
where κ = K
∗
11K12
K∗21K22
.
Proof. Let ρ be a free state in the resource theory of quan-
tum coherence with respect to the linearly dependent basis,
{|ψ1〉, |ψ2〉, |ψ3〉}. Let K be the Kraus operator such that
KρK†
tr{KρK†} = ρ
′, (5)
where ρ′ is also an incoherent state. The free states can be
written as ρ = p1|ψ1〉〈ψ1| + p2|ψ2〉〈ψ2| + (1 − p1 − p2)|ψ3〉〈ψ3|
and ρ′ = p′1|ψ1〉〈ψ1| + p′2|ψ2〉〈ψ2| + (1 − p′1 − p′2)|ψ3〉〈ψ3|, for
0 6 p1, p2, p′1, p
′
2, p1 + p2, p
′
1 + p
′
2 6 1. Comparing any of
the diagonal entries on both sides of Eq. (5) gives
|K11|2 − |K22|2 + |K12|2 tan2 θ2 − |K21|
2 cot2
θ
2
+ 2 cot
θ
2
Re(∆eiφ3 )
+2 cot
θ
2
Re(∆(1 − eiφ3 ))p1 + 2 cot θ2Re(∆(e
iφ2 − eiφ3 ))p2 = 0,
(6)
4where ∆ = K∗11K12 tan
2 θ
2−K∗21K22. Since Eq. (6) is of the form
A + Bp1 + Cp2 = 0, and this must hold for every p1 and p2,
therefore the only solution is given by A = B = C = 0. One
can show that B = 0 and C = 0 imply ∆ = 0 for nonzero φ2, φ3
and θ , 0. And ∆ = 0 implies |K11|2 − |K22|2 + |K12|2 K
∗
21K22
K∗11K12
−
|K21|2 K
∗
11K12
K∗21K22
= 0. 
IV. MEASURES OF QUANTUM COHERENCE
Along with identifying the set of free states and free opera-
tions, an important aspect of a resource theory is also to rec-
ognize potential measures of the resource. One of the crucial
properties of a resource quantifier is that it never increases un-
der the corresponding set of free operations. For example, an
entanglement measure is typically an LOCC monotone, i.e.,
non-increasing under LOCC. We propose here a quantum co-
herence measure, CB, defined with respect to a general basis
B, which could be a linearly dependent one. Important prop-
erties which our coherence measure should satisfy are
1. CB(ρ) ≥ 0, and the equality holds iff ρ ∈ FB,
2. CB(Φ(ρ)) 6 CB(ρ), where Φ is an incoherent map.
We define the quantum coherence measure with respect to
the basis B for a state ρ as
CB(ρ) = min
σ∈FB
D(ρ, σ), (7)
where D is a contractive distance measure between states. A
distance measure D on B+(Cd) is said to be contractive if
D(Φ(%),Φ(ς)) 6 D(%, ς) for all unit trace %, ς ∈ B+(Cd) and
for all CPTP Φ. The relative entropy is an example of a con-
tractive measure, although it does not satisfy symmetry and
the triangle inequality [56]. Note that FB is a closed set, and
this gives us the right of using a minimum instead of an infi-
mum in the definition of the measure.
Theorem 2. The quantum coherence measure CB with respect
to a general basis B satisfies the properties 1 and 2.
Proof. The nonnegativity of the measure follows from the
nonnegativity of the distance measure. If ρ ∈ FB, then the
measure vanishes by definition. If CB(ρ) = 0, then ρ must be
a free state, since the set of free states is a closed set in the
space B+(Cd).
For proving property 2, suppose that the incoherent state
that attains the minimum distance in the quantum coherence
measure for the state ρ is σ˜, so that CB(ρ) = D(ρ, σ˜). There-
fore, for all incoherent Φ, we have
CB(ρ) = D(ρ, σ˜)
> D(Φ(ρ),Φ(σ˜))
> CB(Φ(ρ)),
where the first inequality is due to the contractive nature ofD,
while the second inequality is due to the fact that Φ(σ˜) is an
incoherent state. 
For the case of a qubit, the trace distance, which is the trace
norm of the difference between two states (density matrices),
equals the Euclidean distance between them in the Bloch ball.
It is also contractive under trace preserving operations [58].
Therefore, a suitable and easily computable candidate for a
quantum coherence measure could be given by
C˜B(ρ) = min
σ∈FB
tr|ρ − σ|, (8)
where tr| · | denotes the trace norm of its argument. Note that
the set of maximally coherent states may or may not be a sin-
gleton set depending on the states constituting the basis. For
example, the only maximally coherent state with respect to
the basis {|0〉, |1〉, |+〉x, |−〉x, |+〉y} is |−〉y, where |0〉 and |1〉 are
eigenstates of the Pauli operator σz, |±〉x are eigenstates of the
Pauli operator σx, and |±〉y are eigenstates of the Pauli opera-
tor σy. And if the basis is {|0〉, |1〉, |+〉x}, then all the (infinite
number of) states falling on one-half of the great circle (part
of the circle with negative x-values) including states |+〉y, |−〉x,
|−〉y are maximally coherent. This has been illustrated in Fig.
1. If the basis is chosen to be {|0〉, |1〉, |+〉x, |−〉x, |+〉y, |−〉y}, so
that the quantum coherence is equivalent to magic, the num-
ber of maximally coherent states is nonunique but finite. The
variation in the number of maximally coherent states with the
variation in the basis is easy to understand as a geometric fact
using the Bloch ball representation. However, it may be less
expected as an algebraic fact, as when a linearly independent
non-orthogonal basis is considered for a qubit, then there ex-
ists a unique maximally coherent state, and on the other hand,
if the basis is orthogonal, then there exist infinitely many max-
imally coherent states.
V. MEASUREMENTS PRODUCING INCOHERENT
STATES
Any rank-1 (repeatable) projective measurement produces
a diagonal state in an orthogonal basis if the result of the mea-
surement is forgotten, i.e., if the classical flags corresponding
to the pointer states in the measurement are dumped (traced
out) [57]. This creates an incoherent state of the resource
theory of quantum coherence with respect to the orthogo-
nal basis corresponding to the projection measurement. We
now show how the theory of generalized quantum measure-
ments (POVMs) provides a method for generating incoher-
ent states for a resource theory with respect to a general ba-
sis, possibly a linearly dependent one, of an arbitrary dimen-
sional Hilbert space. The proof goes as follows. We first
show that for every set of states spanning a Hilbert space,
there exists a measurement with the same states as its out-
comes. This is the content of Theorem 3 below, and assumes
the generalized von Neumann-Lu¨ders postulate [57] for the
post-measurement states in a repeatable generalized measure-
ment. The incoherent states in the resource theory of quan-
tum coherence, defined with respect to the general basis (the
spanning set), can then be obtained as outcomes of the mea-
surement identified in Theorem 3, if we forget the outcome
of the measurement. The theorem provides a method of cre-
ating particular mixtures of the elements of the chosen basis.
5|0⟩
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(b)
FIG. 1: Representations on the Bloch sphere of maximally
quantum coherent states with respect to different linearly
dependent bases for a qubit. (a) The linearly dependent basis
is {|0〉, |1〉, |+〉x, |−〉x, |+〉y}, as marked on the right
hemispherical section of the Bloch sphere, and the unique
maximally coherent state is |−〉y, marked on the left
hemispherical section. (b) The linearly dependent basis is
{|0〉, |1〉, |+〉x} and is shown on the right hemispherical
section. There are an infinite number of maximally coherent
states in this case. In the left hemispherical section, all the
states lying on the red dashed curve are maximally coherent
with respect to this basis.
Other mixtures of the elements of the same basis can be cre-
ated by suitably blocking, completely or partially, some or all
the outcomes, before the forgetting stage.
We note here that there already exists a resource theory of
quantum coherence based on an arbitrary POVM [37]. As
we will see later, the resource theory of quantum coherence
considered here is different from the POVM-based resource
theory.
Theorem 3. For any set {|ψi〉}ni=1, where n > d, of the Hilbert
space Cd, that spans Cd, it is always possible to find a POVM
that has |ψi〉 as its outcomes, with possibly some outcomes that
need to be ignored.
Proof. If
∑n
i=1 pi|ψi〉〈ψi|, pi > 0,
∑n
i=1 pi = 1, contains the
maximally mixed state 1d Id, then the required POVM elements
are Ai =
√
dp˜i|ψi〉〈ψi|, where p˜i > 0, ∑ni=1 p˜i = 1, and are such
that
∑n
i=1 p˜i|ψi〉〈ψi| = 1d Id. Note that the POVM elements, Ai,
satisfy
∑n
i=1 A
†
i Ai = Id. Also, note that no probability p˜i can
be zero as it will cause a corresponding POVM element to
vanish, therefore leading to the non-occurrence of some |ψi〉
as the POVM outcome. Note that we are only considering the
cases for which pi , 0∀i.
If
∑n
i=1 pi|ψi〉〈ψi| (pi , 0∀i) does not contain 1d Id, we
can always extend the set {|ψi〉}ni=1 to {|ψi〉}mi=1, m > n such
that
∑m
i=1 pi|ψi〉〈ψi| contains 1d Id. Note that we still have
pi , 0∀i, and now, i = 1, 2, . . . ,m. We can then choose
the POVM elements as Ai =
√
dp˜i|ψi〉〈ψi|, where p˜i are such
that
∑m
i=1 p˜i|ψi〉〈ψi| = 1d Id,
∑m
i=1 p˜i = 1 and p˜i ≥ 0 for all
i = 1, 2, . . . ,m.
In both cases, for the output states to be |ψi〉, for i =
1, 2, . . . n, we need to feed the measurement with the com-
pletely depolarized state (maximally mixed state), 1d Id, or any
other state of full rank, and assume the von Neumann-Lu¨ders
measurement postulate, so that the outcomes are
Ai 1d IdA
†
i
tr
(
Ai 1d IdA
†
i
) = |ψi〉〈ψi|. (9)
In the latter case, the outcomes corresponding to the POVM
elements Ai for i = n + 1, n + 2, . . . ,m, need to be ignored. 
To illustrate the result, consider the set {|φ1〉, |φ2〉, |φ3〉}
spanning C2, with |φ1〉 = |0〉, |φ2〉 = 1√2 (|0〉 + |1〉), |φ3〉 = |1〉.
As
∑
i pi|φi〉〈φi| do not contain 12 I2 for pi > 0,
∑
i pi = 1 for
i = 1, 2, and 3, we extend the set by adding |φ4〉 = 1√2 (|0〉−|1〉)
in the set, and now,
∑4
i=1 pi|φi〉〈φi| contains the maximally
mixed state, with pi > 0∀i = 1, 2, 3, 4 and ∑4i=1 pi = 1.
To create a mixture of |0〉, 1√
2
(|0〉 + |1〉), and |1〉, which is
an incoherent state in the resource theory of quantum coher-
ence with respect to the linearly dependent basis formed these
three vectors, we can now feed the state 12 I2 to the POVM
with the POVM elements
√
2 p˜i|φi〉〈φi|, i = 1, 2, 3, 4. Note that∑4
i=1 p˜i|φi〉〈φi| = I2, with the values of the p˜i’s being such that
p˜i > 0∀i = 1, 2, 3, 4, ∑i p˜i = 1. The required state is created if
we ignore the outcome corresponding to the POVM element
with i = 4, and carry on to the forgetting stage. The other
incoherent states of the same resource theory can be created
in the same measurement, but we then have to add a partial or
full blocking of some of the non-ignored outcomes, i.e., the
outcomes i = 1, 2, 3, just before the forgetting stage.
Difference with POVM-based resource theories of quan-
tum coherence: For the resource theory of quantum coherence
with respect to the set {|ψi〉}ni=1, which spans Cd, the incoher-
ent states may be given by the characterization as in Section
II, viz. they are all states that can be expressed as
∑
i pi|ψi〉〈ψi|,
where pi > 0,
∑
i pi = 1. The parallel and equivalent avenue
of characterizing the same set of incoherent states is in terms
of measurement operator {Ai}ri=1, where r = n or m, as de-
scribed above in this section. The incoherent set of states for
a set {|ψi〉}ni=1 are then given by
n∑
i=1
qi
Ai 1d IdA
†
i
tr
(
Ai 1d IdA
†
i
) , (10)
6where {qi}ni=1 forms the probability distribution representing
the process of partial blocking just before the forgetting stage,
as described above in this section.
The above treatment of resource theory of quantum coher-
ence, defined with respect to a set of states forming a ba-
sis (spanning set), is quite different from the resource theory
of coherence based on generalized measurements (POVMs)
considered in Ref. [37]. The conceptualizations of the two
resource theories are complementary in nature. The theory
based on POVMs, first defines the quantum coherence mea-
sure of a state by resorting to a Naimark extension of the
POVM to a projective measurement (PV) in some higher-
dimensional Hilbert space. And then, the free states of the
theory are defined using the coherence measure. Whereas, in
the resource theory of quantum coherence defined here with
respect to a set of states forming a basis, we first define the
free states, then define quantum coherence measures based on
distance of a state to the set of incoherent states.
An operational difference can be reported by providing an
example in which the free states in the POVM-based theory
form a null set, i.e., there are no free states. Such a situation
can never appear in the resource theory of quantum coherence
considered here. Let us consider the set formed by the states
|χ0〉 = |0〉, |χ1〉 = cos θ2 |0〉+sin θ2 |1〉, |χ2〉 = cos θ2 |0〉−sin θ2 |1〉.
Note that this set of states falls on a great circle on the Bloch
sphere, and for θ > pi2 ,
∑
i pi|χi〉〈χi| contains the maximally
mixed state, 12 I2, where pi > 0 and
∑
i pi = 1. Let {Bi}2i=0 be
the POVM, acting on C2, where for every i, Bi corresponds to
an operator proportional to the projector of |χi〉. The condition∑
i B
†
i Bi = I2 is met when
B0 =
√
1 − cot2 θ
2
|χ0〉〈χ0|,
B1 =
√
1
2
cosec2
θ
2
|χ1〉〈χ1|,
B2 =
√
1
2
cosec2
θ
2
|χ2〉〈χ2|.
Let ρ be a quantum state acting on C2. This state is incoherent
in the POVM-based resource theory of quantum coherence,
for the POVM {Bi}2i=0 iff [37]
B†i BiρB
†
j B j , 0, ∀i , j. (11)
It can be shown that the above conditions lead to the require-
ment 〈χ0|ρ|χ1〉 = 〈χ1|ρ|χ2〉 = 〈χ2|ρ|χ0〉 = 0, which is not
possible for any state on C2.
VI. COMPLEMENTARY BETWEEN COHERENCE AND
PATH DISTINGUISHABILITY
In this section, we inquire about how the complementarity
relation between coherence and path distinguishability is af-
fected, when an interference between three linearly dependent
states takes place in a double-slit apparatus. It is possible to
consider a parallel apparatus for the same purpose in an in-
terferometric set-up. We conceptualize a set-up like the one
|0⟩
|1⟩
ℳ
ℛ |0⟩
1 −ℛ |0⟩ ℋ
𝒟0
𝒟+
𝒟1
Source
FIG. 2: Wave-particle duality in a double-slit apparatus that
superposes a linearly dependent set of states. This is a
schematic diagram of a double-slit set-up to superpose the
linearly dependent set of states, {|0〉, |+〉, |1〉}. The state of
the photon, passing through the uppermost slit is denoted by
|0〉, whereas, of that passing through lowermost slit is
denoted by |1〉, which is orthogonal to |0〉. The deviceM is
inserted in the path of |0〉 allowing a “leaked” part of the
photon in the uppermost beam to pass through a Hadamard
gate, marked in the figure asH , and thus obtaining the state
|+〉. The non-leaking probability is denoted by R. The three
detectorsD0,D+, andD1 are inserted in the paths for
|0〉, |+〉, and |1〉, respectively, before they impinge on a
screen for observation of the interference pattern.
schematically pictured in Fig. 2. A double slit is used to
provide two different paths forming the quantum system, as
considered in Young’s double-slit experiment [59]. The up-
per path, in Fig. 2, is represented by the state |0〉, whereas the
lower path is represented by the state |1〉, with |0〉 and |1〉 being
orthogonal, and spanning the Hilbert space C2. Let the input
state be α|0〉+β|1〉, with α, β being arbitrary complex numbers
satisfying |α|2 + |β|2 = 1. In the next step, we insert a device
M in the path represented by state |0〉 (i.e., the upper path),
which allows the state |0〉 to pass uninterrupted with probabil-
ity R, and with probability 1 − R, it makes the state |0〉 to get
deflected and pass through a Hadamard gate H , and pass on
through a “middle” path, so that state vector representing the
middle path is |+〉 ≡ |0〉+|1〉√
2
. It is to be noted that the Hadamard
gate transforms the states |0〉 and |1〉 to |±〉 ≡ 1√
2
(|0〉 ± |1〉).
We comment here that the task of the device M is akin to
leaking the quantum entity from one of the slits (precisely, the
upper one). The leaked out part has been represented in the
schematic figure as a third channel (that is neither the upper
and nor the lower path). But, we must be careful here to not
create an additional dimension, wherein the middle path will
be represented by a state that is orthogonal to both |0〉 and |1〉,
which we want to avoid. This set-up may be easier, at the
fundamental level, to imagine within the spin dimension of a
quantum spin-1/2 system, where the fear of an extra dimen-
sion will not appear.
Getting back to description of the schematic set-up in Fig.
2, at this stage, the state of the quantum system, up to a nor-
malization, has the form α
√R|0〉 + α√1 − R|+〉 + β|1〉. In
this way, it has been possible to superpose the three linearly
7dependent states |0〉, |+〉, and |1〉. In the next step, detectors
D0, D+, and D1 are inserted in the paths corresponding to
quantum states |0〉, |+〉, and |1〉, respectively. All the detec-
tors are prepared in the initial state |d〉. Let the quantum sys-
tem that came through the slits, and passed via the deviceM
and the Hadamard gate, be denoted by Q, and the quantum
system of the detectors be denoted by D. The interaction of
the two systems (the detector and the one that came through
the slits) is given by a unitary operation. It is easy to show
the existence of a unitary operator Uα, β, R such that the joint
state of the system and detector, after the interaction, becomes
|ΨQD〉 = (α
√R|0〉|d0〉 + α
√
1 − R|+〉|d+〉 + β|1〉|d1〉)/N, where
|d0〉, |d+〉, and |d1〉 are the detector states after the interaction
with respective states |0〉, |+〉, and |1〉, and N is the normaliza-
tion.
The path distinguishability is a quantity which quantifies
the probability of detecting the path that the quantum system
Q has passed through. A possible measure of this quantity
is the probability of unambiguous discrimination of the de-
tector states corresponding to different paths. In the particu-
lar case at our hand, there exist three paths corresponding to
three states |0〉, |+〉, and |1〉 of the quantum system Q. Since
only linearly independent states can be probabilistically dis-
tinguished unambiguously, it is necessary to choose linearly
independent detector states corresponding to different paths in
order to unambiguously discriminate among the paths traced
by the quantum system Q. Therefore, let the detector states
belong to the Hilbert space C3. The state of the detector af-
ter the interaction is given by ρD = trQ|ΨQD〉〈ΨQD|. As ρD
involves cross terms in the basis of detector states formed by
|d0〉, |d+〉, and |d1〉, we perform a probabilistic phase damp-
ing of ρD, so that the resultant state, ρ′D, is diagonal in basis{|d0〉, |d+〉, |d1〉}. Consider the POVM given by the POVM ele-
ments A1/20 , A
1/2
+ , A
1/2
1 , A
1/2
? , where
A0 = c(I3 − |d+〉〈d+| − |d⊥+ 〉〈d⊥+ |),
A+ = c(I3 − |d1〉〈d1| − |d⊥1 〉〈d⊥1 |),
A1 = c(I3 − |d0〉〈d0| − |d⊥0 〉〈d⊥0 |),
A? = I3 − A0 − A+ − A1, (12)
with c being the maximum positive value for which A? re-
mains positive semidefinite. Here,
|d⊥+ 〉 = (|d1〉 − |d+〉〈d+|d1〉)/N+,
|d⊥1 〉 = (|d0〉 − |d1〉〈d1|d0〉)/N1,
|d⊥0 〉 = (|d+〉 − |d0〉〈d0|d+〉)/N0, (13)
with N+, N1, and N0 being the normalizations.
It can be seen from the expressions of A0, A+, and A1 that
a non-zero outcome is only possible if A0 acts on |d0〉, A+
acts on |d+〉, and A1 acts on |d1〉. All the other actions on
these states by these operators return zero. Therefore, these
operators can be rewritten as
A0 = c|d⊥+1〉〈d⊥+1|, A+ = c|d⊥10〉〈d⊥10|, A1 = c|d⊥0+〉〈d⊥0+|
where |d⊥i j〉 is orthogonal to |di〉 and |d j〉 for i, j = 0,+, 1.
The POVM operator A? does not unambiguously tell about
the path followed by quanton as it acts non-trivially on all
three detector states. Therefore, the outcome A? is discarded.
The unnormalized state after this phase damping is given by
A1/20 ρDA
1/2
0 + A
1/2
+ ρDA
1/2
+ + A
1/2
1 ρDA
1/2
1 , (14)
using the von Neumann-Lu¨ders postulate, which on normal-
ization takes the form ρ′D = p0|d⊥+1〉〈d⊥+1| + p+|d⊥10〉〈d⊥10| +
p1|d⊥0+〉〈d⊥0+|, where p0, p+, and p1 forms a probability dis-
tribution. The probability of unambiguous discrimination (P)
of the detector states, |d⊥
+1〉, |d⊥10〉, and |d⊥0+〉, appearing respec-
tively with probabilities p0, p+, and p1, has the following up-
per bound [51]:
P 6 1 − 2
3
(
√
p0 p+|〈d⊥+1|d⊥10〉|
+
√
p+ p1|〈d⊥10|d⊥0+〉| +
√
p1 p0|〈d⊥0+|d⊥+1〉|). (15)
But this unambiguous discrimination of the detector states
does not yield the path distinguishability of the quantum sys-
tem Q, as one of the POVM outcomes, A?, in the phase damp-
ing process is discarded. Therefore, path distinguishability is
obtained when the probability of not obtaining this outcome
in the phase damping process is multiplied by P. The proba-
bility of the outcome A? is given by tr(ρDA?). Therefore, the
path distinguishability D˜ is given by
D˜ = (1 − tr(ρDA?))P. (16)
Let the state of the systemQ be denoted by ρQ, which is ob-
tained by tracing out the detector part from the joint system-
detector state |ΨQD〉. The quantum coherence, C˜, of the state
ρQ, with respect to the linearly dependent basis, {|0〉, |1〉, |+〉},
is then obtained by using the trace norm measure of quan-
tum coherence, defined in Eq. (8). Note that the maximum
value of the quantum coherence in this case is equal to unity.
Also, the maximum value that P or D˜ can take is 1. We have
checked numerically, via a nonlinear optimization procedure,
that C˜, quantifying the wave nature of the quantum system Q,
and D˜, quantifying the particle nature of the same, follow the
complementarity relation,
C˜ + D˜ 6 1. (17)
Interestingly, the bound is independent of R. Note that there
does not exist such a complementarity between the quantum
coherence, C˜, and the probability of unambiguous discrimina-
tion of the detector states, P, as C˜ + P is simply 6 2.
Let us now consider the set-up used in [36]. The superposi-
tion of the quantum system was considered there in a linearly
independent basis. Let the coherence in this case be denoted
by C˜li, the probability of unambiguous discrimination of the
detector states by Pli, and the path distinguishability by D˜li.
It is to be noted that in [36], a similar phase damping of the
detector state was employed as considered here. The proba-
bility of the discarded POVM outcome was not multiplied to
the probability of unambiguous discrimination of the detector
states, Pli, and instead Pli itself was considered as path dis-
tinguishability. In that article, a complementarity between the
quantities C˜li and Pli was presented, and it was C˜li + Pli 6 1.
8But in our case, there does not exist such a complementarity
between C˜ and P, as discussed earlier. Of course, there do
exist the same complementarity as here between the quantum
coherence, C˜li, and the path distinguishability, D˜li, viz.
C˜li + D˜li 6 1. (18)
VII. CONCLUSION
In this article, we introduced a resource theory of quantum
coherence with respect to a general “basis”, which could pos-
sibly consist of a linearly dependent set of states that span the
space under consideration, which we have referred to as a lin-
early dependent basis. We started by providing a definition
of the free states and the free operations in a resource theory
of quantum coherence with respect to such a general, possibly
linearly dependent, basis. We tried to characterize the incoher-
ent (free) operations by presenting a necessary condition when
the basis consists of three pure qubit state vectors. We found
that the resource theory of magic can be seen as a resource
theory of quantum coherence with respect to a linearly depen-
dent basis. We then discussed about the quantities which can
be a valid quantum coherence measure in the scenario under
consideration, and derived a monotonicity relation under inco-
herent physical maps that a certain class of such measures will
satisfy. We established a connection between incoherent states
with respect to a general basis and generalized measurements
(POVMs). We then re-examined the wave-particle duality by
providing a double-slit set-up in which superposition of lin-
early dependent states is possible. Specifically, we showed
that quantum coherence and path distinguishability maintain
a complementary relation also in this general case of an arbi-
trary basis. The complementarity bound obtained is found to
be identical with the ones uncovered earlier in the literature in
the cases where superpositions of orthogonal states and non-
orthogonal linearly independent states were considered.
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